The concept of generalized functions taking values in a differentiable manifold ([15, 19]) is extended to a functorial theory. We establish several characterization results which allow a global intrinsic formulation both of the theory of manifold-valued generalized functions and of generalized vector bundle homomorphisms. As a consequence, a characterization of equivalence that does not resort to derivatives (as provided in [11] for the scalar-valued cases of Colombeau's construction) is achieved. These results are employed to derive a point value description of all types of generalized functions valued in manifolds and to show that composition can be carried out unrestrictedly. Finally, a new concept of association adapted to the present setting is introduced.
Introduction
While originating as a tool in the field of nonlinear PDEs a growing number of applications of nonlinear generalized functions [4, 5, 21] in a geometrical context-especially in the theory of general relativity (cf., e.g., [3, 2, 24] , as well as [23] for a survey) and Lie group analysis of differential equations (cf. [16, 7, 12] )-has triggered the development of a geometric theory of algebras of generalized functions ( [12] ). Based on [1, 6, 14] , a diffeomorphism invariant scalar theory in the so called "full" setting (which allows for a distinguished embedding of the space of Schwartz distributions) was developed in [11, 13] . On the other hand the task of "geometrizing" the special setting of Colombeau's construction-which will also provide the framework for the present article-was started in [10, 8, 18, 19] . In particular, in [18] a theory of generalized sections of vector bundles showing maximal compatibility with the distributional setting of [9, 20] was introduced. Also a point value description of generalized functions on differentiable manifolds was achieved. This setting in turn was used to set up a "generalized (pseudo-)Riemannian geometry" in [19] . Finally, in [15] the study of generalized functions taking values in a differentiable manifold was initiated. More precisely, the space G[X, Y ] of generalized functions on the manifold X and taking values in the manifold Y was defined as was the space Hom G (E, F ) of generalized vector bundle homomorphisms from E to F . When dealing with generalized mappings on manifolds the need for such concepts arises quite naturally; for example when considering the flow of a generalized vector field as well as geodesics of a generalized metric.
The aim of the present paper is to complete this approach by extending it to a functorial theory. In particular, we provide several global characterizations of the notions of moderateness and equivalence (which replaces the notion of negligibility in the absence of a linear structure) for generalized functions from X to Y (Section 3) as well as for generalized vector bundle homomorphisms from E to F (Section 4). These characterizations in turn enable us to give a positive answer to the question raised in [15] , Remark 2.11 whether equivalence is equivalent to equivalence of order zero. More precisely, we establish also in the case of both G[X, Y ] and Hom G (E, F ) a characterization of equivalence of nets without making any reference to derivatives provided the nets are assumed to be moderate (Theorems 3.3 and 4.2). Analogous results have been proven for virtually all variants of scalar-or vector valued Colombeau generalized functions (cf. [11] , Th. 13.1, and [18] , Sec. 4). In the context of G[X, Y ] and Hom G (E, F ) these characterizations provide the key to proving that (a) generalized functions taking values in a manifold as well as generalized vector bundle homomorphisms are characterized by their generalized point values (Theorem 3.5 respectively 4.5), and (b) composition of generalized functions between manifolds as well as of generalized vector bundle homomorphisms can be carried out unrestrictedly (Theorems 3.6 and 4.6). Analogous results are given in Section 5 for "hybrid" Colombeau spaces G h [X, F ] of generalized maps defined on a manifold X and taking values in a vector bundle F over Y . These spaces were introduced in [19] , Sec. 4 to allow for the notion of generalized sections along generalized maps and, in particular, to define the notion of a geodesic of a generalized pseudoRiemannian metric. Moreover we prove that for any u ∈ G[X, Y ] the space of generalized vector bundle homomorphisms on u, Hom u (E, F ) can be endowed with a natural vector space structure. While trivial in the smooth setting the corresponding result in the present framework relies on the fact that for any v ∈ Hom u (E, F ) we may construct a representative whose induced map on the base coincides with a given representative of u (Proposition 4.5). Finally in Section 6 we consider the concept of 'coupled calculus' and, in particular, the notion of zero-association which in the context of G[X, Y ] allows us to make statements regarding compatibility of this approach with classical global analysis. We start this work by recalling the basic notions from the geometric theory of generalized functions (in the special setting) and, in particular, of generalized functions valued in a smooth manifold.
Geometric theory of generalized functions
We begin by fixing some notation. Throughout this paper X and Y denote smooth paracompact Hausdorff manifolds of dimension n and m respectively. Vector bundles with base space X will be denoted by (E, X, π) (or (E, X, π X )) and for a chart (V, ϕ) in X, a vector bundle chart (V, Φ) over ϕ will be written in the form (K = R respectively C)
where p = π(z) and the typical fiber is K n ′ . Given a vector bundle atlas
is the change of chart on the base and ϕ αβ : ϕ β (V α ∩ V β ) → GL(n ′ , K) denotes the transition functions. The space of smooth sections of the vector bundle (E, X, π) is denoted by Γ(X, E), the space of smooth (r, s)-tensor fields (i.e., E = T r s ) by T r s and the space of smooth vector bundle homomorphisms from E to F by Hom(E, F ). If f ∈ Hom(E, F ) we write f : X → Y for the smooth map induced on bases, i.e., π Y • f = f • π X . Local vector bundle homomorphisms with respect to vector bundle charts (V, Φ) of E and (W, Ψ) of F , i.e.,
ΨΦ (x) · ξ) . Turning now to notions from Colombeau theory we set I = (0, 1] and E(X) = C ∞ (X) I and let P(X) denote the space of linear differential operators on X. We define the spaces of moderate and negligible nets in E(X) by
is called the special 1 Colombeau algebra on X and we denote its elements by u = [(u ε ) ε )]. G( ) is a fine sheaf of differential algebras with respect to the Lie derivative along smooth vector fields defined by
is a subalgebra of G(X) and there exist injective sheaf morphisms embedding D ′ (X), the space of Schwartz distributions on X, into G(X).
A net (p ε ) ε ∈ X I of points in X is called compactly supported if p ε stays in a fixed compact set for small ε; the set of generalized points is denoted by X c . Two
for each m > 0, where d h denotes the distance function induced on X by any Riemannian metric h. The quotient space X c of the set of compactly supported points modulo ∼ is called the space of compactly supported generalized points on X and we writep = [(p ε ) ε ]. Insertingp into u ∈ G(X) yields a well-defined element [(u ε (p ε )) ε ] of K, the space of generalized numbers (corresponding to K = R respectively C and defined as the set of moderate nets of numbers (r ε ) ε ∈ K I with |r ε | = O(ε −N ) for some N modulo negligible nets |r ε | = O(ε m ) for each m). Moreover, u ∈ G(X) is uniquely determined by its point values on
The G(X)-module Γ G (X, E) of generalized sections in E is defined using analogous asymptotic estimates with respect to the norm on the fibers induced by any Riemannian metric on X. Setting Γ E (X, E) = Γ(X, E)
I and denoting by P(X, E) the space of linear differential operators on Γ(X, E) we define
, where s α is called the local expression of s with its components s
is a fine sheaf of projective and finitely generated G(X)-modules ( [18] , Th. 5) and we have
where the tensor product is taken over C ∞ (X) ( [18] , Th. 4). For later reference we now explicitly recall the main definitions from [15] . The space G[X, Y ] of compactly bounded (c-bounded) generalized Colombeau functions from X to Y is defined as the quotient of the set of E M [X, Y ] of moderate, c-bounded maps from X to Y by a certain equivalence relation defined below. 
Due to the c-boundedness condition (i.e., (i) in Definition 2.1) elements u of G[X, Y ] can model jump discontinuities but not δ-like singularities; the latter, however, will arise as tangent maps of such u (see below, a list of examples is provided by [15] , 2.8). Inserting a compactly supported pointp
We now turn to the definition of generalized vector bundle homomorphisms by first introducing the respective notions of moderateness and equivalence.
, where . denotes any matrix norm.
We now set Hom
Analogously to the case of manifold valued nets of functions we will need the weaker notion of vb-0-equivalence, denoted ∼ vb0 , and defined by (
Finally we define the space E
of compactly bounded generalized vector bundle points.
2.6 Definition. On (E, X, π) we define the set of vb-moderate generalized points as consisting of (e ε ) ε ∈ E I satisfying
with the norm again induced by any Riemannian metric on the base).

On this set we introduce the equivalence relation
m for all ε < ε 1 whenever both π X (e ε ) and
The set of equivalence classes is denoted by E
and generalized sections are characterized by these point values ( [15] , Th. 3.7 (i)). On the other hand v ∈ Hom G [E, F ] has to satisfy an additional condition (equation (6) in [15] ) to allow for a well defined element 
Characterization of generalized functions valued in a manifold
We start this section by establishing simple and global criteria for nets (u ε ) ε ∈ C ∞ (X, Y ) I to be moderate. The basic idea is to replace the chartwise (in Y ) description of Definition 2.1 (ii) by composition with smooth (compactly supported) functions f : Y → C. To begin with, we note the following characterization of the notion of c-boundedness.
The following conditions are equivalent
Proof. (i)⇒(ii)⇒(iii) is clear and so is (i)⇔(iv). We establish (iii) ⇒ (i).
To begin with suppose Y is non compact and connected. We then may write
Without loss of generality we may even suppose that
and by (iii) we are guaranteed the exis-
but by the above e 1/εn ≤ ε −N n for large n, a contradiction. If Y is not connected we employ a similar construction taking into account that each connected component of Y is σ-compact.
2
We now have the following characterization of moderateness in
Note that (i) in (b) is necessary. Indeed, let X = R = Y ; then u ε (x) = 1/ε is not c-bounded but |f • u ε (x)| ≤ f ∞ for all compactly supported smooth f . 
from which the claim follows.
(a)⇒(c): We have to deduce (c) from Definition 2.1. Let f ∈ C ∞ (Y ) and K ⊂⊂ X. We may assume without loss of generality that K ⊂⊂ V for some chart (V, ϕ) in X. Since (u ε ) ε is c-bounded we may choose K ′ ⊂⊂ Y and
A similar characterization can be derived for the equivalence relation ∼ on
. Moreover, this characterization provides an affirmative answer to the question raised in [15] , Remark 2.11 whether a characterization of equivalence of elements of spaces of Colombeau generalized functions which does not resort to derivatives of representatives (as established for practically all (scalar) variants of the construction in [11] , Th. 13.1) was also attainable in the context of manifold-valued generalized functions.
The following statements are equivalent:
Proof. Clearly, (i)⇒(ii).
(ii)⇔(iii): see [15] , Th. 2.10.
(ii)⇒(iv): Let K ⊂⊂ X, f ∈ D(Y ). By [18] , (3) it suffices to show that
. From (ii) it follows that for each fixed sufficiently small ε and each p ∈ K there exists l ∈ {1, . . . , s} such that both u ε (p) and v ε (p) are contained in W ′ l . In this case we have
by [15] , Lemma 2.5, where C is independent of ε. Hence the claim follows from Definition 2.3. (iv)⇒(i): We first have to show that for every Riemannian metric h on Y and any K ⊂⊂ X we have sup
Thus, without loss of generality we may suppose that
for all m, a contradiction.
Finally, we have to establish property (ii) of Definition 2.2. Thus let
there exists a neighborhood (depending on ε) on which
for each m, yielding the claim.
(iv)⇔(v) follows as in Proposition 3.
2
The above characterization result has several important consequences. First, we obtain a characterization of equivalence of compactly supported generalized points.
Corollary. Let
I be compactly supported. The following statements are equivalent: Moreover, Theorem 3.3 can be used to show that composition of manifoldvalued generalized functions can be carried out unrestrictedly (i.e., without any additional assumptions, as, e.g., condition (6) in [15] ).
Proof. The proof of [15] 
Hence by Theorem 3.3, the class of (v ε • u ε ) ε is well-defined. 2
Characterization of generalized vector bundle homomorphisms
The aim of this section is to derive characterizations similar to Proposition 3.2 and Theorem 3.3 also for generalized vector bundle homomorphisms. In the following considerations for any vector bundle E over X the role of the "model spaces" E M (X) respectively N (X) (cf. In order to allow a smooth presentation of the following results let us therefore examine the simplifications that ensue from the particularly simple structure of the range space R × R m ′ . Let (u ε ) ε ∈ Hom(E, R × R m ′ ) and let (V, Φ) be a vector bundle chart in E. Then using the trivial vector bundle chart id on R × R m ′ we may write
εidΦ (x) · ξ) .
It follows that ( 
Moreover, it follows that for (
ε id Φ ∈ N (ϕ(V )) for each vector bundle chart (V, Φ). By [11] , Th. 13.1 and the remark following it, this in turn is equivalent to (u ε ) ε ∼ vb0 (v ε ) ε , so ∼ vb and ∼ vb0 are the same for the model space E
We will extend the validity of this observation to general
For a vector bundle E → X we denote by Hom c (E, R × R m ′ ) the set of all vector bundle homomorphisms f such that f : X → R has compact support.
I . The following statements are equivalent:
Proof. (a)⇒(c): By (4) we have to show that for eachf
and each vector bundle chart (V, Φ) of E we have ((f • u ε )
idΦ =f • u ε • ϕ −1 , the first of these claims follows from Proposition 3.2 since (u ε ) ε ∈ E M [X, Y ] and f ∈ C ∞ (Y ). Concerning the second one, let L ⊂⊂ V and choose ε 0 > 0,
so the claim follows. 
so the desired estimates of
εΨΦ )(ϕ(p)) follow, thereby establishing property (ii) of Definition 2.4.
We now characterize the equivalence relation
, simultaneously establishing that vb-equivalence is in fact identical to vb-0-equivalence.
Theorem. Let
and L ⊂⊂ V , (V, Φ) a vector bundle chart in E. To prove (iv), by the remarks following (4) it suffices to establish the N -estimates of order 0 on L for both (f
, where (W l , Ψ l ) are vector bundle charts in F . Since for any Riemannian metric h on Y , sup p∈K d h (u ε (p), v ε (p)) → 0 as ε → 0, for each ε small and each p ∈ K there exists l ∈ {1, . . . , s} such that both u ε (p) and v ε (p) are contained in W ′ l . Now the estimate for
follows from Theorem 3.3 (ii) ⇒ (v), while that for (f
idΦ (ϕ(p)) is derived from a representation as in (5) using Definition 2.5 (ii) (for k = 0) and Lemma 2.5 of [15] : again the constants appearing due to the application of that result can be chosen independently of ε since the domain of (f • Ψ −1 l ) (2) is an open neighborhood of ψ l (W ′ l ). εΨΦ as in (6) . 2
The above result can in turn be used to derive the following characterization result for generalized vector bundle points.
I be vb-moderate. The following statements are equivalent:
Proof. (i)⇔(ii) follows from applying Theorem 4.2 to u
(ii)⇔(iii) is immediate from the definitions.
We can employ this result in order to get rid of the additional technical assumption in the statement of [15] , Prop. 3.6 (ii) (called (6) there). Hence generalized vector bundle points may be inserted into generalized vector bundle homomorphisms unrestrictedly.
Corollary. Let
Proof. The proof of [15] , Prop. 3.6 (ii) shows (even under the more general assumptions made here) that (u ε (e ε )) ε is vb-moderate and that (u 
ε (e ε )) ε for any vb-moderate (e ε ) ε . To finish the proof it remains to show that (e ε ) ε ∼ (e [15] , (f • u ε ) ε satisfies (6) from [15] . Thus the claim follows from [15] , Prop. 3.6 (ii).
The above result enables us to conclude the following point value characterization of generalized vector bundle homomorphisms. 
The space of hybrid Colombeau generalized functions from the manifold X into the vector bundle F as usual is defined by
We now start by establishing characterizations of moderateness respectively equivalence analogous to the previous cases.
The following statements are equivalent: 
from which the claim follows. 2
In the following result, ∼ h0 denotes the equivalence relation on E h M [X, F ] defined by imposing Definition 5.2 (i) and (ii) for k = 0.
Using the same notations as in the proof of Proposition 5.3, to show (iv) we have to establish the N -estimates of order 0 on (9) 
As in the previous cases we now use the above results to gain a point value description of hybrid generalized functions.
Proof. (i) Since (p ε ) ε is compactly supported, vb-moderateness of (u ε (p ε )) ε follows immediately from c-boundedness of (u ε ) ε and Definition 5. 
and moderateness of (u ε ) ε . Finally, let (
(ii) Necessity has been established in (i). Conversely, suppose that (u ε ) ε ∼ h (v ε ) ε , i.e., (u ε ) ε ∼ h0 (v ε ) ε (Theorem 5.4). Then either (u ε ) ε ∼ 0 (v ε ) ε in which case by [15] , Prop. 2.14 we obtain ap ∈ X c with u(p) = v(p), and, consequently, u(p) = v(p). Hence the only remaining possibility is that property (ii) for k = 0 of Definition 5.2 is violated. Hence there exist m ∈ N, L ⊂⊂ V for a chart (V, ϕ) in X, L ′ ⊂⊂ W for a vector bundle chart (W, Ψ) in F and sequences
We set
Finally, compositions can be carried out unrestrictedly:
Proof. Moderateness of (v ε • u ε ) ε and (w ε • v ε ) ε follows in a straightforward way from the definitions. The respective classes are well-defined (i.e., independent of the representatives of u, v, w) by Theorems 3.5, 4.5 and 5.5 (ii). 2
We next demonstrate that for any u ∈ G[X, Y ] the space Hom u (E, F ) := {v ∈ Hom(E, F )|v = u} can naturally be endowed with the structure of an R-vector space. Although the corresponding statement in the smooth case is self-evident, in general the representatives (
, so that simple fiberwise addition is in general not possible. In order to handle this problem we employ the following result
Proof. We suppose that X is connected for the moment, the modifications for the non-connected case are then obvious. By µ F : R × F → F we denote fiberwise scalar multiplication. Endow Y with any Riemannian metric h and cover Y with d h -balls W αj for j ∈ N. Let (ṽ ε ) ε be any representative of v. For any relatively compact open subset V of X there exists some ε 0 such that sup p∈V d h (ṽ ε (p), u ε (p)) < r. Hence for ε < ε 0 and p ∈ V , u ε (p) ∈ supp(χ j ) implies π Y (ṽ ε (p)) ∈ dom(ψ αj ) and we may define for e ∈ π −1 X (V ):
Sincẽ
it follows from v ∈ Hom u (E, F ) and the definition of ∼ vb that (v ε ) ε is a representative of v| V . Finally, to construct a global representative of v with the claimed properties we first note that by our connectedness assumption X is σ-compact, hence we may choose an exhaustive sequence K m (m ∈ N) of compact subsets of X such that K m ⊂⊂ K
• m+1 for all m. By the above for each m ∈ N there exists ε m > 0 such that v ε as in (10) is defined on K • m for ε < ε m . According to [11] , Lemma 10.3 there exists a smooth f :
Thus by defining v according to (10) for (e, ε) ∈ {(e, ε) ∈ E × I|ε < f (π X (e))} (and arbitrarily elsewhere) we obtain the desired global representative of v. Proof. Fixing any representative (u ε ) ε of u, for any v 1 , v 2 ∈ Hom u (E, F ) we may choose representatives as in Proposition 5.7, so the claim follows. 2
By a similar reasoning it follows that in case X = Y the space of strict generalized vector bundle homomorphisms Hom idX (E, F ) is naturally endowed with a vector space structure.
We finish this section demonstrating one of the consequences of the above result in the context of the induced covariant derivative of generalized vector fields on a curve introduced in [19] , Sec. 5. Let α ∈ G[J, X], where J is an interval in R and letĝ be a generalized metric on X (cf. Def. 3.4 in [19] ) with generalized Levi Civita connectionD (cf. [19] , Def. 5.1 and Th. 5.2). For any generalized vector field ξ on α, i.e.,
, where ξ ′ ε is the classical induced covariant derivative with respect to a representative (ĝ ε ) ε of g. Note that by [19] , Th. 3.1 any generalized pseudo-Riemannian metric (on any relatively compact open set) has a representative which consists of classical pseudo-Riemannian metrics for ε small enough. Now for ξ, η ∈ X G (α) we may defineĝ(ξ, η) componentwise since by Proposition 5.7 we may choose representatives (ξ ε ) ε and (η ε ) ε of ξ respectively η with ξ ε = η ε = α ε for some representative (α ε ) ε of α. Hence both sides of the equation
are well-defined. Moreover, equation (11) indeed holds by an application of the classical result (cf. e.g. [22] , Prop 3.18) at the level of representatives.
Coupled Calculus
In all variants of Colombeau generalized functions taking values in a linear space compatibility with respect to the distributional setting is effected through the notion of association. We say an element (u ε ) ε of E M (X) is associated to zero if u ε ν → 0 for all compactly supported one-densities ν on X (see [10] , Sec.
2), i.e., if u ε → 0 weakly. If (u ε ) ε ∈ N (X) then it is automatically associated to zero, so we may define a generalized function to be associated to zero if its representatives are. We say that two generalized functions are associated, u ≈ v if u − v ≈ 0. The equivalence relation ≈ allows us to define the linear quotient space G(X)/ ≈. Equality in G(X) clearly implies association but not conversely (e.g., any power H n (n ≥ 2) of the Heaviside function H in G(R) is associated but not equal to H).
We say that u ∈ G(X) admits w ∈ D ′ (X) as a distributional shadow if lim ε→0 u ε ν = w(ν), ∀ν ∈ Γ c (Vol (X))
The distributional shadow of u is uniquely determined (if it exists). Thus although the embedding ι of D ′ (X) into G(X) is not unique, one recovers a unique description of D ′ (X) within the Colombeau algebra by working with ι(D ′ (X))/ ≈. To extend the concept of association to the context of generalized functions taking values in a smooth manifold we would need a "diffeomorphism invariant characterization" of weak convergence. Based on the results of this paper it is natural to aim at a notion of association defined by [(u 
. However, such a construction does not reproduce the standard concept of association in the case that Y is a vector space since weak convergence cannot be characterized by composition with smooth functions. To see this we first note that by [21] , Ex. 10.6, we may choose d 1 , d 2 ∈ G(R), both associated to δ such that d 2 i ≈ c i δ (i = 1, 2) with c i ∈ C and c 1 = c 2 .
2 . On the other hand the notion of k-association in G(X) as introduced in [18] , Sec. 5 can be generalized to the present setting using composition with smooth functions. 
(ii) We say that
Analogously to the case of G(X) [18] , Def. 1 (ii) if u ∈ G[X, Y ] is k-associated to a function g, then g ∈ C k (X, Y ). Furthermore if u admits a k-associated function at all, then the latter is unique.
If Y = R n the notion defined in (i) above coincides with the one of [18] , Def. 1(i). To see this take [(u 
n . Since u ε − v ε → 0 on compact sets the estimates on f (u ε (x)) − f (v ε (x)) follow from [15] , Lemma 5. The derivatives can be estimated in the same way. We have the following characterization of 0-equivalence. Proof. This follows in complete analogy to the proof of the equivalence of (iii) and (iv) of Theorem 3.3. (ii) In [17] , solutions of the geodesic equation for a singular spacetime metric with line-element
are calculated. Based on Theorem 1 of that paper it is shown in the final section of [19] that the x-component of the unique solution of this ODE is c-bounded, hence can be regarded as a manifold-valued generalized function. Furthermore, from [17] , Theorem 3 it follows that it converges locally uniformly (hence by Proposition 6.2 is 0-associated) to a kink function. This corresponds to the physical expectation of broken geodesics of the singular metric (12) .
